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The Financial Immunization by a Sequence of Monetary
Items: Fisher-Weil and Redington’s Theorems

L'immunizzazione finanziaria di successioni di poste moagé: una
estensione dei teoremi di Fisher-Weil e di Redington

Luigi Romano and Donato Scolozzi

Abstract In this paper we study the financial immunization when thehdémws are represented by a
sequence of real numbers. Old Fisher-Weil's and Redingt@sults are generalized in this setting.

Abstract In questo lavoro si studia il problema della immunizzaziinanziaria semi deterministica per
successioni di poste monetarie. Si considerano due steuttutassi di interesse: una per le poste attive
ed una per le poste passive e in queste condizioni vengoasi éstlassici risultati di Fisher-Weil e di
Redington.

Key words: immunization, cash flows, duration

1 Introduction

The Theory of Financial Immunization examines the problémthe interest rate risk and studies the condi-
tions in which it is possible to manage asset cash flows by sefdiability cash flows. In 1952 Redington,
during a communication held at the college of Actuarial 8cés in London, introduced a model to manage
liability cash flows. This result takes into account theiatifinancial structure, which is represented by the
instantaneous intensity intere3ft, s); the interest changes (shift) are constant and represemttt real
numberz which is added t@(t,s) determining the new financial structure through the newaimtsineous
intensity 4(t, s) + z The same setting is used by [9] in their 1971 work, where th@mine the problem
of the management of one single liability through an asse d@w. From this setting, it follows that, if
the assigned functiod(t,s) is integrable with respect to the second variahlthe relative value function
Vv(t,s) and relative interest rate functidft, s) used in the contract examined, are continuous with respect t
the same variable. In fact, they are connected with thentat@ous intensity by the following relations:

s s
—/ (t,udu i/ 5(t,u)du
v(t,s)=e Jt , i(t,s) =eS—tJt —1

Luigi Romano
Department of Management, Economics, Mathematics and Statistitgyersity of Salento (Italy) e-mail:
luigi.romano@unisalento.it

Donato Scolozzi
Department of Management, Economics, Mathematics and Statidtlogsersity of Salento (Italy) e-mail: do-
nato.scolozzi@unisalento.it



2 Luigi Romano and Donato Scolozzi

This model examines the case with constant interest rateyditthe case with discontinuous interest
rate with respect tg. The proof of their immunization theorem use the Macaulaytion concept, 1938.
All these results are exposed in [8].

F. Gozzi [10] examines a unified and compact approach to thedeterministic financial immunization
theory. Another consideration concerns the sign of thamaneous intensity of interest which, as known,
must be nonnegative; so the shitsre admissible if also the new instantaneous intensity tefr@st is
nonnegative. A case with admissible and constant shiftdatracts with finite cash flows is examined in
[5, 6], together with the case in which all cash flow averagations coincide. In a later work, [3] examine
contracts with finite cash flows, in which the value functisitie market'’s variable base, and it is accepted
that the value function must be "stationary”.

The present paper does not suppose the existence of thfuddt, s) and it assumes the value function
v(t,s) as the market's variable base, so that it is possible to deckettings with discontinuous interest
rates. Besides, this work examines a sequence of asset@ashafid liability cash flows, whose sign is not
necessarily constant. Finally, it examines constantsbiftadditive and admissible type. Redington [12]
and Fisher Weil's [9] theorems are generalized in thissgtti

Other authors, mentioned in references, have already exahtiie case with variable shift, which, from
this point of view, will be examined in a later work.

2 Theactual value function and the average duration.

Defining a functionv: R x R — R, we have a value function if, and only if, the following thne@perties
are verified:

1. v(t,s) >0 V(t,s) e RxR with t<s,
2. v(t,t) =1 VY(t,t) e RxR;
3.v(t,s) > v(t,s) Vt,s),(t,s) eRxR with s <sp.

The simple and compound capitalization regimes are verpitapt in finance. The relative value func-
tions are respectively:

1 1
t,8) = —— t R xR with t——
v(t,s) 1ras—0 Y(t,s) e RxR with s> a
and

v(t,s) =e Y vyt s)eRxR

wherea, in both cases, is the interest rate on one period.
Also, for example, functions of the type:

v(t,s) V(t,s) e RxR with s>t

“1ta(s—t)°
with a> 0 anda > 0, are value functions; they decrease of omer

It must be noted that if, as in the examples before, the valoetion has partial derivative with respect
to variables, we can define, as we know, the instantaneous intensityestt&mctiond(t, s) in the following
way:
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The issue datg a sequence of maturitiés= (tj) ey, Witht <t; <tj <tj;1 Vj € N, and a sequence of
cash flowsx = (xj)jen With Xj € R Vj € N, be assigned such that each single-paymeig available at
timet;.

As we known, we define the actual value at titnef cash flowx, with respect to the assigned value
functionv, the following summation:

+o00
W(t,x) =S xv(t,t))
2

assuming that the series converges.

In financial terms, it is possible to define the real nun\Wét, x) as the price to pay at tinteto buy the
right to get, at every maturitlyf, the single-payment;.

The following results provide the conditions sufficient &fide the price as a real number.

We’'ll examine cases in absence of interest rate shift, aewl we’ll take into consideration a few situa-
tions in presence of interest rate shift.

The following result considers the case of value functiothwliecrease polynomial.

Theorem 1. Let us suppose that:

1.3a>0,a>1c>1: 0<v(t7s)§mvnseﬂ£with32t
2.31>0 :tj—t>71j VjeN

3.3re 0+, Be0,a—1: |x]<r(t—t)P

Thesis: . .
g rc & 1
W[ < 5 by < 35 5 5o
Proof. ¥n € N we have:
n n L ocr(t —t)B
XVt <) Xj|v(tt)) < <
;1 j:1| | ;11+a(t1 -t
cr 1 rc 1 rc 2 1
- < . < —
a J; (tj—t)a—B — ar@ J; ja-B — ar@ gl jo-B

Since the term on the right represents the sum of the harnsenies with exponerd — 3 > 1, we can
deduce that the assigned series converges absokjtely.

The following result examines the case of value functiornweitponential decrease.

Theorem 2. Let us suppose that:

1.3m>0 : 0<V(t,s) <e ™Ms Y

2.31t>0 :tj—t>71j VjeN

3.3refom : |x| <€tV

Thesis:

T(r—m)

400
|W(t,X)| < JZl|Xj|V(t7tj) < m

Proof. ¥n € N we have:

n
> xjv(t.t))
=

n n
<Y Ixilvitt) < § elrmt-t <
J;I vty 1;
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n [er(rfm)}j B eT(T*m) l_em(rfm) _ er(rfm)
le - 1—gl(r—-m) — 1 _ @gr(r—m)

If we reckon the limit fom — +o we have the thesis»

In the following case, the interest rate shift will be exaetdn

In the classic theory of the semi-deterministic financiamumization, the instantaneous intensity of
interest functiond(t,s) is assumed as basic variable, for it we ha\(g s) > 0, Vt <s. In the further
assumption that this is, according to Lebesgue locallggrable with respect to variab the relative
value functionv(t,s) is defined byv(t,s) = e~ /°otwdu and it is absolutely continuous with respecistdt

1
follows that also the interest rate function defined(&s) = [Wls)} ~ —1, is continuous with respect to
variables.

The interest rate shifts which are considered in the cldbsiary, are determined by a constant quantity
zwhich is added to the functiod(t,s), so that we have the functigit,s) = d(t,s) +z, and for this reason
zis called additive shift. Obviously we also want thédt,s) = d(t,s) +z> 0, WVt <s. Inthis case, in the
classic theoryz is defined as an admissible shift.

Obviously alsoy(t,s), which is integrable like3(t,s), defines the value functior(t,s)e %5V which is
absolutely continuous with respectso

In the present work we are interested to examine contracishvdre subscribed assigning the value
function. In this way it is possible to include into analyalso cases, in which, the instantaneous intensity
of interest function is not defined, because the value fandtself may not be continuous with respect to
variables, in analogy with the correspondent interest rates.

In that case, we assume the value function as the basic lar&d ifzis a constant shift that changes the
rates to save its additivity nature, we must consider, itagyawith the classic case, the new value function
v(t,s)e %Y Finally, we can say thatis admissible if the new function is monotonically decregsiith
respect tes. This is verified ifz> 0.

The following definition synthesizes what we have just state

Let v(t,s) be a value function ande R, we can say thatis an "admissible additive shift” if, and only
if, the functionv(t,s)e %51 is still a value function.

Soifz> 0, then it is admissible.

In the previous case, and in presence afshift constant and admissible additive, by means of the new
value functionv(t,s)e %51, it is possible to determine, by addition, the new actualedtnction:

+oo

W(t,x,2) = xjv(t,tj)e 2
2%

+o00
Theorem 3. Let W(t,x) = Z Xjv(t,tj) be absolutely convergent.
=1

Thesis: .
W(t,x,2)| < 3 [xj|v(t,t))e —24-0) < Z Xj|v(t,tj) Vze [0,
J:1| J| J ’ J|

Besides, the following function is continuous:

W(t,x,-) 1 z€ [0,+0[— W(t,X,2) = ij vit,t)e iV eRr
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Proof. It is sufficient to observe that the increases indicated éntliesis are obvious, and as it is assumed
+o00

that the seriei Xjv(t,tj) converges absolutely, the series that defines the actusd fiahction converges

completely, and so uniformly, with respect 2 [0,+][. As the addend functions that make the series
W(t, x, z) are continuous, the thesis follows.

The following result provides a condition to the existentéhe actual value function’s derivatives.

Theorem 4. Let us suppose thatd N, such that the series

+

0

(tj — )" xjv(t, 1))

1

is absolutely convergent.
Thesis¥ k=1,2,....h eV ze [0, +o[ we have:
o'W K ke K (i
3 Sx tx2) =0y (- 0%v(tt)e "0 Y

=

Proof. From the hypothesis given, we can deduce that the actuas Wahction is well defined. It is suffi-
cient to observe that, n € N, results in:

Z’XJ| v(t.tj)

J:

=}

h Zl(tj —t)" | [v(t,t))
i=

thus, also the seridd/(t, x) Z XjV(t,tj) is absolutely convergent.
=1
Moreover, the same function is derivable until ortieffo have this result, first of all, it is sufficient to
verify that, assignindgc= 1,2, ..., h the following series:

00

(t — O X V(L ).

1

+

is absolutely convergent.
Consideringh € N we have:

i- V(1))

5

<3 G -0 x| ity =

Il
R

n
— (=) x| vt b)) < (t; —t)" |x; | v(t, ;) =
j:l(tj t)h k( |J| 721 ) ’J| ( I)

(tllt)h_k 3 —1)" x| v(t.t)
J:

Reckoning the limit fom — +c we have the result.

To complete the proof about the existence of the derivativeis orderh, we use induction reasoning.
Bek=1.

According to what we have stated above, the following series
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converges absolutely.
Besides, beiny ne N:

=}

n
S (G —t) x| vit,ty)e ™Y < Z =t x| vty vze [0, +oof
=1

the series that determines the actual value function cgesamiformly. It allowsyz € [0, +oo[, the follow-
ing relation :

=}

o (0 e )
oz (inv(t,tj)e & ”) == (G —txvtt)e ?u Y
=1 J

1
Similarly, fork =1,2,...,h, it is possible to prove that:

dk n ) n
—— [ § vt e i) = | v(t,t)e 2 .o
oK <le v(t.t) ) Z e

The following results summarize two situations very impattin finance.
The following result examines the decreasing polynomiale/éunction.

Theorem 5. Let us suppose that:

1.93a>0,a>1c>1: 0<v(t,s) <
2.31>0 :tj—t>71j VjeN
3.3re 0+, Be0,a—1: |x]<r(tj—t)P

Thesis:

mw sc Rwiths>t

rc e—zrj

ar Zl jo-pk

Vz € [0,40| |W(txz|<Z\xJ| v(t,tj)e @i <

It is easy to observe that, if the trend of the value functopalynomial type, the actual value function
may not be defined as< 0.

The following theorem examines some conditions that enbigrexistence of derivatives.

Theorem 6. Let us suppose that:

l.da>0a>1c>1: 0<v(ts)_WVtseRW|ths>t
2.3t1>0,n>0witht<n :1j<tj—t<nj VjeN;
3.3re 0+, Be0,a—1: |x]<r(tj—t)P

Thesis: Vk=1,2,....,h; Vze€ [0,4oo|

oW ey K ot
I5x tx2)=(-1) JZl(tj*'[) Xjv(t,tj)e 24!
and we have:
o'W rc & e i
Z (t <=
‘ o (tx,2)] < ar® & jo-P-k
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The following result examines the case of value functiorhveixponential decrease. It is an example
where the actual value function is defined and derivablefalsappropriatez < 0.

Theorem 7. Let us suppose that:

1.3m>0 : 0<v(t,s) <e ™Ms
2.31>0 :tj>t471j VjeN
3.3relom : |x| <egti-t

Thesis:
+o00

> xjv(t.te Y
=1

et(r—m—z)
<

Regarding the existence of the derivates we can considéltbeing theorem that ensures the existence
of the derivatives of every order.

Theorem 8. Let us suppose that:

1.3m>0 : 0<v(t,s) <e MY
2.31t>0,3n>0with t<n :7j<tj—t<nj VvjeN
3.3rejom : |xj| <gti-Y

Thesis: fixed k N, V z€|r —m, +o[ we have:

Eldk—w(t X,2) = (—1)% S (ti —t)*xv(t,t;)e 20
azk 3 Ny J; ] ] I |

The above mentioned theorems include constant cash flowgetpal income) and the capitalization
laws of compound and polynomial increase. The law of simpf#talization has not been considered in the
previous results, if we want to keep the hypothesis that treopéems may be constant.

Now we shall examine some financial indexes very significaittié financial analysis.
+o00

In the conditions initially established, if the seri§ (tj —t)xjv(t,t;) converges absolutely and if we
=1

+o00

havez Xjv(t,tj) # 0, we define “financial average duration” of order 1, at timef the cash flows, with
=1

respect to the assigned value functigh s), the following fraction:

+zw (& —Oxjv(t;))
D(t,x) =

400
> Xjv(t,t))
=1

+o0
Theorem 9. Let us suppose that the serieE (tj —t)xjv(t,tj) is absolutely convergent, and be also
j=1

W(t,x,0) # 0.
Thesis:
3 D) = |t Wi w0 = [2109W] ¢ 5 o)
U W(,x,0) 9z T | a9z T

Proof. In the previous hypotheses, the actual value fundiitih, X, z) is derivable of order 1 with respect
to z. BeingW(t,x,0) # 0, we have the thesis:
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Letk € N be assigned in the conditions initially established, ifskdes

+o0 +00

Z (tj —t)*x;v(t,t;) converges absolutely and if § XjV(t,tj) # 0, we define “financial average dura-
=1 =1

tion”, of orderkin t, of the cash flow of single-paymextvith respect to the assigned value functigh s),
the following fraction:

(t —D)*xv(t. 1))

400
D XV(tY)
=1

If the average duration of ord&rexists, let then the average durations of onderk also exist.

400
Theorem 10. Let us suppose that the seri§ (tj —t)kaV(t,tJ‘) is absolutely convergent and be also that
=1

W(t,x,0) #O.
Thesis: }
1 oW
(k) - 7'
3 DW(t,x) W(ix0) 9% (t,x,0)].
Proof. In the given hypotheses, the actual value funcWéft, x, z) is derivable until ordek, with respect
to z, and we have:

+

o'W ©
2 (,%,0) = (=D)® Tt — t)Rxv(t,
& LX%0)=(-1) 1(1 )XVt t)

BeingW(t,x,0) # 0, we have the thesis:
The following properties are valid.
Theorem 11. If D®(t,x) exists, then:

1.ifx; >0 Vj e Nitresults: D¥(t,x) > (t, —t)
2. D0 (t,Ax) =DM (t,x) VA €R, A#0.

Only note that, ifx is an asset cash flow and if we have> 0, then also\ x is still an asset cash flow;
instead, if we havé < 0, then the cash flowwx becomes a liability cash flow, but the average duration is
the same.

3 Theimmunization with respect to constant shift

The classic theory examines asset and liability cash flovesfinite quantity and it hypothesizes the ex-
istence of the instantaneous intensity of interest funci¢t,s). This hypothesis, as already observed,
imposes the value function (and also the interest ratesjrtatgoartial derivative, of order 1, with respect
to the maturitys and therefore to be continuous. If the variations of therggerate examined, represented
by shiftz, are summed td(t, s), we have the new instantaneous intensity of interest fandkit, s) + z for
this reason the shift is called additive.

This paper examines a generalization of financial immuitratlassic theory to the sequence of asset
and liability cash flows. In addition, it examines the valuadtion and it does not hypothesize the existence
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of the instantaneous intensity of interest function. Iis thiay it also includes the study of the interest rate
structures which might be discontinuous.
The following conditions have been hypothesized:

a) an issue datie a sequence of maturitiés= (tj)jen, Witht <ty <tj <tj;1 VjeN;

b) a sequence of monetary items= (xj)jey With Xj € R Vj € N, such that every; is available at time
tj. This cash flow will be denoted as “assets”,

c) a sequence of monetary items- (yj)jen Withy; € R Vj € N, such that every; is a payment due at
timet;. This cash flow will be denoted as “liabilities”;

d) a value functionv(t,s) that discounts the assets, and another value funetbrs) that discounts the
liabilities.

This work examines situation when we want to immunize thigilitg cash flowy with the asset cash flow

X.
oo oo

The cash flowk immunizes cash flow if, in the hypothesis that the seri§ Xjv(t,tj) and Z yiw(t,t;))
=1 =1

are regular, we have:

+

ZXJ v(t,t)) Zyw(t,t,—)

The following result considers the problem of the coverafgene single liabilityL at timeH.

Theorem 12 (FISHER-WEIL). Let an issue date t, a sequence of maturities(t;) jcn, with t <ty tj <

tiy1 Vj €N, and a sequence of monetary itexs (Xj)jeny With x; € R Vj € N, be assigned, every item
+o0
payable at timejtand be {t, s) the relative value function. Let alsovx) = % Xjv(t.t;) be the price, at

time t, of cash flowx.
A single payment L be assigned at timelét w(t, s) the relative value function and W, L) = Lw(t,H).
The following hypotheses be verified:

1.x>0VjeN
2. W(t,x) =W(t,L);
3.3D@(t,x);

4. let ze R be a shift such that the functioné \s)e=%1) and w(t,s)e~ %Y are still value functions.

Thesis:
(W(t,x,z) >W(t,L,z) Vz "admissible”) <= D(t,x) =H —t

Proof. If W(t,L,z) # 0, let us consider the function

W(t,x,z)
v(t,tj)e 2H-h)
WLz tL ZX’

Q2 =

We have the resul®(z) > 1, Vzadmissible. It is sufficient proof that= 0 is the minimum point foQ.
With reference to this, we must observe that because thegeeturation of order 2 exists, so to the
functionQ has derivatives of order 1 and 2:

Q)=

1 & _
> (tj —H)xjv(t,t)e =)
L) =1
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—+o0
SACh W(tl, L) ,Zl(ti —H)Zxgv(t,t)e M)

Therefore the functioR is strictly convex ana = 0 is the minimum point if, and only if, we have:

Q(0)=0.

It is simple to verify that:
Q(0) =D(t,x) —H +t
from which we have the thes{s.

Let an issue date be assigned, together with a sequence of maturitiegt;)jcn, with t <tg, tj <
tir1 Vj €N, asequence of monetary items- (Xj)jeny With xj € R Vj € N, each of them payable at time
t; and letv(t,s) be the relative value function.

LetH be a date, and let us consider the income at tih#f cash flowx, determined by the reinvestment
of the itemsx;, witht; < H, fromt; to H, and the discounting of the itermg payable at timé; with tj > H.

Thus the formula: ”
i

R(H,X) :q; V.H) +tJ;XJV(H,tj)

if the series ZHXJ-V(H,tj) is regular.
tj>
We want to verify whether a timel exists, such that, if the interest rates change because ithen
admissible additive shift, if

. Xi
RHx2=Y ————+ § xv(H,tj)e 2~
ZH v(tj,H)e ZH-1) 2, v

>

is the relative income, we have that:
R(H,x,z) > R(H,x,0).

Unfortunately this problem is difficult to solve becauseimtett the financial functions are random. In
order to carry out an initial analysis, it would be approf&ie simplify the problem.

Theorem 13. [Reduced income] Let(, s) be the value function such that we have:
1. V(t,H):V(t,tj)V(tj,H) vtj with t<t; <H
2.M(t,t) = v(t,H)v(H,t;) Vt; with t<H <t

Thesis: RH,X) = gy W(t,X).

Theorem 14 (Existence of Optimal Time for Disinvestment.). Let \t,s) be the value function, such that
we have:

1ov(t,H) = v(t,t))v(t),H) Vt; with t<t; <H
2.V(t,t)) = Vv(t,H)V(H,tj)) Wt; with t<H <t;
3.x>0VjeN

4.3D@)(t,x).

Besides, let z R be a shift such that(t,s)e %Y is still a value function.
Thesis: H=t + D(t, x) is the best time for disinvestment.
Therefore, for all z admissible, the result is:

R(t+D(t,x),x) < R(t+D(t,x),x,z).
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Proof. The income function, in the previous hypotheses and if, we laashiftz, is:
1

xiv(t,tj)e ZH-1),
V(t,H) JZ]. J ( J)

From the hypothesis of existence of the average durationdefr® we can deduce the existence of the
derivatives, of order 1 and @vith respect ta and we have:

R(H,x,z) =

1
_ o 2H-t))
RI(H’X’Z)_V(t,H)J:l(tJ H) (tt)
R'(H,x,2) = ! +w(H—t-) v(t,tj)e “H-h)
1N V(t,H)]=l J

Therefore the function is strictly convex ame: 0 is the minimum point if, and only iftd =t + D(t,x)
which represents the thesis.

The following result provides a condition necessary to ngartae liability with the asset by using only
the average duration of order 1.

Theorem 15. Let an issue date t, a sequence of maturities(tj)jen, With t <tg, tj <tj;1 VjeN, a
sequence of monetary items= (X;)jeny With x; e R Vj € N, be assigned, every item payable at time t
+o00

let v(t, s) be the value function and W/ x) = z XjV(t,t;).
=1
Let a sequence of monetary iteyns (y;)jeny Withy; e R Vj € N be also fixed each of which represents
a payment due at timg.tLet w(t, s) be the value discount function and(t\y Z yijw(t,tj)

The following hypotheses be verified:

1. 3W(t,x), IW(t,y) and W(t,x) =W(t,y);
2.3D(t,x), 3D(t,y) and D(t,x) # D(t,y);
3. let z be an admissible additive shift;

Thesis:

[) D(t,x) > D(t,y) = Ja> 0such that:
Vze [—a,0[, admissible Wt,x,z) >W(t,y,2)
vz €]0,a], admissible Wt,x,z) <W(t,y,2)
) D(t,x) < D(t,y) = Ja> 0such that:
Vze [—a,0[, admissible Wt,x,z) <W(t,y,2)

vz €]0,a], admissible Wt,x,z) >W(t,y,2)

Proof. Let us consider the net actual value function:

+

W(t,x—Y,2) z v(t,tj) — yjw(t,tj)] e 2t Y,
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We have thaW(t,x —y,z) = 0, continuous for alk admissible, derivable with respectzo
In z= 0 so we have:

I (tx-y.0) = W(t,y,0D(t.y) - W(t X 0)D(t.X

from which it is simple to deduce the thesis.

The following result provides a sufficient condition to dbtammunization should the average durations
of order 1 coincideD(t,x) = D(t,y).

Theorem 16 (di REDINGTON). Let an issue date t, a sequence of maturities (tj)jcy, with t < tg,
tj <tj;1 VjeN, and a sequence of monetary iterms (X;);jen With xj € R Vj € N be assigned, every

item payable at timgtLet (t,s) be the value discount function, and(¥\k) = Z XjV(t,t;).

Also a sequence of monetary itegns: (yj)jen Withy; e R Vj € N be assugned each of which is a
single-payment due at timg Let w(t,s) be the value function and Wy) = Z yijw(t,t;).
=1

Let the following hypotheses be verified:
1. 3W(t,x), W(t,y)is  W(t,x) =W(t,y);
2.3D(t,x), 3D(t,y) is D(t,x) = D(t,y);
3.3D@(t,x), D@ (t,y)is DP(t,x) > DP(t,y);
4. let z be an admissible additive shift;
Thesis:
Ja>0: Vze[—aa), admissible, itresultsin: W, x,z) >W(t,y,2).

Proof. The net actual value function needs to be considered:

+

W(t,x—Y,2) Z iw(t,tj)] e @Y,

For the previous hypotheses the resuliigt,x —y,z) =0
In addition, it has derivables of order 1 and 2 foradldmissible:

% (t7X7y70) :W(t7yvo)D(t7y) 7W(t7X70)D(t7X) =0

92 @) @)

52 LX=Y,0) =W(t,x,0)D(t,x) ~W(t,y, 00D (t,y) > 0
from this, it is simple to have the thesis.
The following result is an example of loss.

Theorem 17. Let us consider: an issue date t, a sequence of maturities
t=(tj)jen, Witht <ty,tj <tj11 Vj €N, and a sequence of monetary itexs (Xj)jen Xj € R Vj €N,

+00
each of which payable tg.tLet \(t,s) be the value function and W, x) = Z XjV(t,t;).
=1
Also a sequence of monetary iteyns (yj) jcy be assigned withjye R Vj € N, each of which represents
a single-payment due at timg tet w(t,s) be the value function and Wy) = z yiw(t,t;).
=1

The following hypotheses be verified:



The Financial Immunization by a Sequence of Monetary Items: Fidledl and Redington’s Theorems 13

1.3W(t,x), IW(t,y) and let us have WI,x) =W(t,y);
2.3D(t,x), 3D(t,y) and letus have D,x) =D(t,y);
3.3D@(t,x), 3D@(t,y) and letus have B)(t,x) < DA(t,y);
4. let z be an admissible additive shift;

Thesis:

Ja>0: Vze[—aa, admissible, it results: W, x,z) <W(t,y,2).

Proof. To get the verification it is necessary to consider the netedaalueW (t,x — y,z) together with a
reasoning process similar the one used to verify Redingttorems

If we had:
D@ (t,x) =D (t,y)

the two results mentioned above, are not conditions suffi¢@decide whether there is immunization. In
this case, it is necessary to consider also average dusaifam order higher than the second.

Theorem 18 (REDINGTON (generalization)). Let an issue date t, a sequence of maturities(t;) e,
witht <tg, tj <tj;1 Vj €N, a sequence of monetary items- (Xj)jcn be assigned withxc R Vj e N,
—+-o00
each of which payable at time t_et (t,s) be the value function and W,x) = Z Xjv(t,tj).
=1
Let also a sequence of monetary iteyns (y;) jen be assigned withjye R Vj € N, each of which being

+00

a single-payment due at time tet w(t,s) be the value discount function and(¥\y) = w(t,tj).

gle-pay £ Yj j
=1

Let he N with h> 2 be assigned such thetk =1,2,...h 3D (t,x) and 3 DX (t,y)
The following hypotheses be verified:

-W(t,x) =W(t,y);

DR (t,x) =DM (t,y) Yk=1,...h—1,

D (t,x) #DM(t,y).

. let z be an admissible additive shift;

A WNPE

Thesis:
i) leth be a par number and ®(t,x) > D (t,y) then3a > 0 such that:

vze [-aa W(tT,x,2) >W(tT,y,2),
ii) let h be a par number and ®(t,x) < D (t,y) then3a > 0 such that:

vze [—aal W(tT,x,2) <W(tT,y, 2),
iii)let h be an odd number and ® (t,x) > DM (t,y) then3a > 0 such that:

Vze [-a,0] W(th,x,2) >W(t,y,2)

Vze]0,a) W(tT,x,z) <W(t',y,2)
iv) let h be an odd number and'®(t,x) < DM (t,y) thenJa > 0 such that:

Vze [-a,0] W(tt,x,2) <W(t,y,2)

vz e]0,a) W(tT,x,z) >W(t',y,2)
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Proof. The net actual value function is to be considered.

un

W(t,x—y,2) = Y [Xv(t,t)) —yjw(t,t))]e 20,
1

-+

For the above mentioned hypotheses we halye x —y,z) = 0. Moreover, it is derivable, from order 1

til orderh, for all zadmissible anddk =1,...,h—1:
A
S 6x=y.0) = (~1*[W(t.x, 0D% t.x) ~W(t.y.0D¥(t,y)] =0
and we have:
o'W h (h) ()
dizh(tvx_yvo):(_l) [W(t,X,O)D (t,X)—W(Ly,O)D (tvy):| 7&0

from which, with some considerations typically introdudedhe analysis about the existence of mini-

mum point and maximum point, we deduce the thesis.
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