
 

 

 

 

 Q
U

A
D

E
R

N
I 

D
E

L
 D

IP
A

R
T

IM
E

N
T

O
 D

I 
SC

IE
N

Z
E

 D
E

L
L

’E
C

O
N

O
M

IA
 

DIPARTIMENTO DI SCIENZE DELL’ECONOMIA 
FACOLTÀ DI ECONOMIA 

UNIVERSITÀ DEL SALENTO - LECCE 
ISSN 2284-0818 

 
 

 

 
 
 
The Logarithmic Utility Functions of the Partially 
Informed Agents 
 
 
 
 
Luigi Romano 
Donato Scolozzi 
 
 
 
 
Numero MS/7  
Dicembre 2015 



 

 

 

Quaderni del Dipartimento di Scienze dell’Economia 
 
I Quaderni intendono favorire la circolazione di studi in versione preliminare, al 
fine di accelerarne la diffusione e per sollecitare suggerimenti e critiche.  
 
Vengono considerati per la pubblicazione sui Quaderni del Dipartimento solo 
lavori non ancora pubblicati in versione definitiva su libri o su rivista. Possono 
proporre lavori per la pubblicazione membri del Dipartimento (anche in 
collaborazione con studiosi esterni) o studiosi che abbiano presentato il lavoro in 
oggetto nell’ambito di conferenze o seminari svolti nell’ambito delle attività 
dipartimentali. 
 
I quaderni si articolano in quattro sezioni: Aziendale, Economica, Giuridica, 
Matematico Statistica. 
I quaderni vengono regolarmente inviati a Istituti, Dipartimenti e Biblioteche a 
carattere economico e sono inclusi nella serie Research Papers in Economics 
(REPEC).  
 
L'accesso ai Quaderni è approvato dal Coordinatore scientifico della sezione. 
 
Coordinatori scientifici: 
 
Sezione di economia aziendale (A): Antonio Costa 
Sezione economica (E): Giampaolo Arachi 
Sezione giuridica (G): Franco Paparella 
Sezione Matematico-Statistica (MS): Donato Posa 
 
Editore:  
 
Dipartimento di Scienze dell’Economia 
Indirizzo mail: direzione.dipeconomia@unisalento.it 
Ecotekne - via Monteroni 
73100 Lecce 
 
 
Codice ISSN: 2284-0818 
 

  



The Logarithmic Utility Functions of the Partially Informed

Agents

Le Funzioni di Utilit´a Logaritmica degli Agenti Parzialmente Informati

Luigi Romano and Donato Scolozzi

Abstract In [7] we extend the asset pricing framework introduced by Guasoni [3] to the case of n+
1 Brownian motions and two agents: ”informed agent” and ”partially informed agent”. In this paper we
examine a model of a financial market with n Brownian motions and four agents: informed agent with access
to all information, uninformed agent with access to minimum information, and two partially informed
agents with access to partial information that are not necessarily comparable to each other. We examine the
information of each agents using Hitsuda representation [4]. In theorem 21 we compare the logarithmic
utility functions of the agents. The present framework can be extended to the case with further partially
informed agents. For both cases the results for the logarithmic utility functions are similar.

Abstract In [7] consideriamo una estensione del risultato che Paolo Gausoni ha ottenuto in [3] al caso di
n+1 moti browniani con due agenti: uno ”informato” ed uno ”non informato”. In questo lavoro esamini-
amo un mercato finanziario con n moti browniani e quattro agenti: l’agente informato che conosce tutte le
informazioni disponibili, l’agente non informato che conosce il minor numero di informazioni possibili, e
due agenti parzialmente informati con informazioni parziali e non necessariamente confrontabili tra loro.
Valutiamo per ciascuno di essi le fonti delle rispettive informazioni utilizzando il metodo proposto in [4].
Nel teorema 21 confrontiamo le funzioni di utilitá logaritmica degli agenti. L’impostazione fornita puó es-
sere estesa al caso di piú agenti parzialmenti informati con risultati, sulle funzioni di utilitá logaritmiche,
simili a quelli ottenuti nel presente lavoro.

Key words: Stochastic Process, Hitsuda representation, Asymmetric information,

1 Introduction: the model

We consider a financial market with one riskless asset and one risky asset S. The market interest rate is
considered deterministic. To describe the dynamics of the risky asset, we consider a probability space
(W ,F ,P) on which are defined n = h+ k + l +m independent Brownian motions, with n 2 N, h � 1,
k � 1, l � 1, m � 1:
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�
B1

t
�

t2[0,+•[ ,
�
B2

t
�

t2[0,+•[ , ...,
�
Bh

t
�

t2[0,+•[ ;

�
Bh+1

t
�

t2[0,+•[ , ...,
�
Bh+k

t
�

t2[0,+•[;

�
Bh+k+1

t
�

t2[0,+•[ , ...,
�
Bk+h+l

t
�

t2[0,+•[;

�
Bh+k+l+1

t
�

t2[0,+•[ , ...,
�
Bk+h+l+m

t
�

t2[0,+•[ .

If we set the real parameter l > 0, we consider the Ornstein-Uhlenbeck process (Ut)t2[0,+•) defined by
the following equation

Ut +l
Z t

0
Usds =

m

Â
j=1

ph+k+l+ jB
h+k+l+ j
t , t 2 [0,+•[

which, as known, is given by:

Ut =
m

Â
j=1

ph+k+l+ j

Z t

0
e�l (t�s)dBh+k+l+ j

s .

Then, if we set the real numbers p j, with j = 1,2, ...,n, let us consider the process (Yt)t2[0,+•) defined
by:

Yt =
h

Â
j=1

p jB
j
t +

k

Â
j=1

ph+ jB
h+ j
t +

l

Â
j=1

ph+k+ jB
h+k+ j
t +Ut .

Now, let us introduce two deterministic Lebesgue measurable functions

µ,s : [0,+•[�! [0,+•[

such that

8 T > 0 µ 2 L1 ([0,T ]) , s 2 L2 ([0,T ]) .

The price dynamics S of the risky asset evolve according to

dSt = St [µtdt +stdYt ]

and its solution is:

St = S0 exp
Z t

0

✓
µs �

s2
s

2

◆
ds+

Z t

0
ssdYs

�
.

In particular, this assumption means that:

1. we have the ”informed agent” with access to all information given by each of the n Brownian motions;
2. we have the ”uninformed agent” with access to information given by the process Yt only;
3. we have the ”first partially informed agent” with access to all information given by the h+ k Brownian

motions and by the process defined by At =
l

Â
j=1

ph+k+ jB
h+k+ j
t +Ut;
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4. we have the ”second partially informed agent” with access to all information given by the h+ l Brownian

motions and by the process defined by A⇤
t =

k

Â
j=1

ph+ jB
h+ j
t +Ut .

The informed agent refers to the filtration F 1 =
�
F 1

t
�

t2[0,+•[ generated by the n Brownian motions
B1

t ,B
2
t , ...,B

n
t .

The uninformed agent refers to the filtration F 0 =
�
F 0

t
�

t2[0,+•[ generated by the process Yt .
The first partially informed agent refers to the filtration G = (Gt)t2[0,+•[ generated by the h+k Brownian

motions B1
t ,B

2
t , ...,B

h
t ,B

h+1
t ,Bh+2

t , ...,Bh+k
t , and by the process defined by At =

l

Â
j=1

ph+k+ jB
h+k+ j
t +Ut .

The second partially informed agent refers to the filtration G ⇤ =(G ⇤
t )t2[0,+•[ generated by the h+ l Brow-

nian motions B1
t ,B

2
t , ...,B

h
t ,B

h+k+1
t ,Bh+k+2

t , ...,Bh+k+l
t , and by the process defined by A⇤

t =
k

Â
j=1

ph+ jB
h+ j
t +

Ut .
All the filtrations considered satisfy the usual conditions of right-continuity and completeness.

Of course, we have that F 0
t ⇢ Gt ⇢ F 1

t and F 0
t ⇢ G ⇤

t ⇢ F 1
t , 8 t > 0.

We can write the asset price dynamics for the informed agent as:

dSt = St

"
(µt �lstUt)dt +st

n

Â
j=1

p jdB j
t

#

which refers to the Brownian motion

Wt =

"
n

Â
j=1

p2
j

#� 1
2 n

Â
j=1

p jB
j
t .

The proofs of the theorems in the next sections are similar to those seen in [7].

2 Decomposition of Yt under F 0

In this section, we’ll examine the Markov property of Yt and will determine, under F 0, the Brownian motion
B0

t which represents it (see theorem 6). The proofs of this section and the proofs seen in [7] are similar.

Theorem 1. Yt is a Gaussian process

1. E [Yt ] = 0 8t 2 [0,+•[ .

2. cov(Ys,Yt) =

 
h+k+l

Â
j=1

p2
j

!
t ^ s+

m

Â
j=1

p2
h+k+l+ j

e�l |t�s|� e�l (t+s)

2l
.

Let us consider l > 0, Yt is a Markov process if and only if, p j = 0, 8 j = 1,2, ...,h+ k+ l or ph+k+l+ j =
0, 8 j = 1,2, ...,m.

In generality Yt is not a Markov process.
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Now we consider the process (Zt)t2[0,+•[ defined by:

Zt =

 
n

Â
j=1

p2
j

!� 1
2
"

h+k+l

Â
j=1

p j

✓
B j

t +l
Z t

0
B j

udu
◆
+

m

Â
j=1

ph+k+l+ jB
h+k+l+ j
t

#
.

It verifies the following result:

Theorem 2. Zt is a Gaussian process

1. E [Zt ] = 0 8t 2 [0,+•[.

2. cov(Zt ,Zs) = t ^ s+

 
n

Â
j=1

p2
j

!�1 h+k+l

Â
j=1

p2
j

!Z t

0

Z s

0

�
l +l 2u^ v

�
dudv.

Let
f̃ (t,s) =�a2 �l +l 2t ^ s

�
8 t,s � 0

where

a2 =

 
n

Â
j=1

p2
j

!�1 h+k+l

Â
j=1

p2
j .

Similarly to Hitsuda [4] and Guasoni [3], in order to derive the Brownian motion B0
t we consider the

following result.

Theorem 3. Considering the previous function f̃ (t,s), the following function

g̃(t,s) =

8
<

:

lh(s) for 0  s  t

0 otherwise

verifies the following integral equation

f̃ (t,s) = g̃(t,s)�
Z s

0
g̃(t,u) g̃(s,u)du 8 0  s  t

and h (s) verifies the following Cauchy problem
⇢

h 0 (s) = l
⇥
h2(s)�a2⇤

h (0) =�a2.

Now we are able to enunciate the following theorem:

Theorem 4. 1. Let
�
B0

t
�

t2[0,+•[ be a Brownian motion under
�
F 0

t
�

t2[0,+•[ such that:

Zt = B0
t �

Z t

0

✓Z s

0
g̃(s,u)dB0

u

◆
ds.



The Logarithmic Utility Functions of the Partially Informed Agents 5

2. Considering the function g : [0,T ]⇥ [0,T ]�! ¬ defined by:

g(t,s) =

8
<

:

�lh(s)el
R t

s h(u)du for 0  s  t

0 otherwise

we have that:

B0
t = Zt �

Z t

0

✓Z s

0
g(s,u)dZu

◆
ds.

Proof. 1. The existence of the Brownian motion B0
t is a consequence of Hitsuda [4] proposition 2, and also

of the fact that the function g̃(t,s) verifies the following integral equation:

f̃ (t,s) = g̃(t,s)�
Z s

0
g̃(t,u) g̃(s,u)du 8 0  s  t.

2. We obtain the relation

B0
t = Zt �

Z t

0

✓Z s

0
g(s,u)dZu

◆
ds

in a similar way already seen in [7], theorem 6. }

Theorem 5. Yt and Zt verify the following relation:

Yt +l
Z t

0
Yudu =

 
n

Â
j=1

p2
j

! 1
2

Zt

and therefore:

Yt =

 
n

Â
j=1

p2
j

! 1
2 Z t

0
e�l (t�u)dZu.

Proof. Yt +l
Z t

0
Yudu =

h+k+l

Â
j=1

p jB
j
t +Ut +l

"Z t

0

 
h+k+l

Â
j=1

p jB j
u +Uu

!
du

#
=

=
h+k+l

Â
j=1

p jB
j
t +Ut +l

h+k+l

Â
j=1

p j

Z t

0
B j

udu+l
Z t

0
Uudu =

h+k+l

Â
j=1

p j

✓
B j

t +l
Z t

0
B j

udu
◆
+Ut +l

Z t

0
Uudu =

=
h+k+l

Â
j=1

p j

✓
B j

t +l
Z t

0
B j

udu
◆
+

m

Â
j=1

ph+k+l+ jB
h+k+l+ j
t =

 
n

Â
j=1

p2
j

! 1
2

Zt . }
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Now it is possible to establish the link between the process Yt and the Brownian motion B0
t . In particular,

we have the following (fundamental) result:

Theorem 6. Let Yt =
h+k+l

Â
j=1

p jB
j
t +Ut and

�
F 0

t
�

t2[0,+•[ be its completed natural filtration.

We have that:

1.

B0
t =

 
n

Â
j=1

p2
j

!� 1
2 

Yt +l
Z t

0

✓Z s

0
[1+h(u)]el

R s
u h(q)dqdYu

◆
ds
�
.

2.

Yt =

 
n

Â
j=1

p2
j

! 1
2 

B0
t �l

Z t

0

✓Z s

0
[1+h(u)]e�l (s�u)dB0

u

◆
ds
�
.

Applying relation 2, we can write the asset price dynamics for the uninformed agent as:

dSt = St

2

4

0

@µt �l

 
n

Â
j=1

p2
j

! 1
2

st

Z t

0
[1+h(u)]e�l (t�u)dB0

u

1

Adt +st

 
n

Â
j=1

p2
j

! 1
2

dB0
t

3

5 .

3 Decomposition of At under G and of A⇤
t under G ⇤

In this section, we’ll examine the Markov property of

At =
l

Â
j=1

ph+k+ jB
h+k+ j
t +Ut

and of

A⇤
t =

k

Â
j=1

ph+ jB
h+ j
t +Ut

and will determine, under G and G ⇤, the Brownian motions C0
t e C0⇤

t which represent them.

Theorem 7. At e A⇤
t are Gaussian processes

1. E [At ] = 0, E [A⇤
t ] = 0 8t 2 [0,+•[ .

2. cov(As,At) =

 
l

Â
j=1

p2
h+k+ j

!
t ^ s+

m

Â
j=1

p2
h+k+l+ j

e�l |t�s|� e�l (t+s)

2l
;

cov(A⇤
s ,A

⇤
t ) =

 
k

Â
j=1

p2
h+ j

!
t ^ s+

m

Â
j=1

p2
h+k+l+ j

e�l |t�s|� e�l (t+s)

2l
.

As we have observed for Yt in theorem 1, also At and A⇤
t , in generality, are not Markov processes.

Now we consider the processes (Dt)t2[0,+•[ and (D⇤
t )t2[0,+•[ defined by:
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Dt =

 
l+m

Â
j=1

p2
h+k+ j

!� 1
2
"

l

Â
j=1

ph+k+ j

✓
Bh+k+ j

t +l
Z t

0
Bh+k+ j

u du
◆
+

m

Â
j=1

ph+k+l+ jB
h+k+l+ j
t

#
;

D⇤
t =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!� 1
2
"

k

Â
j=1

ph+ j

✓
Bh+ j

t +l
Z t

0
Bh+ j

u du
◆
+

m

Â
j=1

ph+k+l+ jB
h+k+l+ j
t

#
.

They verify the following result:

Theorem 8. Dt and D⇤
t are Gaussian processes.

1. E [Dt ] = 0 E [D⇤
t ] = 0 8t 2 [0,+•[.

2. cov(Dt ,Ds) = t ^ s+

 
l+m

Â
j=1

p2
h+k+ j

!�1 l

Â
j=1

p2
h+k+ j

!Z t

0

Z s

0

�
l +l 2u^ v

�
dudv.

cov(D⇤
t ,D

⇤
s ) = t ^ s+

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!�1 k

Â
j=1

p2
h+ j

!Z t

0

Z s

0

�
l +l 2u^ v

�
dudv.

Let
j̃ (t,s) =�b 2 �l +l 2t ^ s

�
8t,s � 0

j̃⇤ (t,s) =�(b ⇤)2 �l +l 2t ^ s
�

8t,s � 0

where

b 2 =

 
l+m

Â
j=1

p2
h+k+ j

!�1 l

Â
j=1

p2
h+k+ j

and

(b ⇤)2 =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!�1 k

Â
j=1

p2
h+ j.

Similarly to Hitsuda [4] and Guasoni [3], in order to derive the Brownian motions C0
t e C0⇤

t we consider
the following result:

Theorem 9. 1. Considering the previous function j̃ (t,s), the following function

ỹ (t,s) =

8
<

:

lq(s) for 0  s  t

0 otherwise

verifies the following integral equation:

j̃ (t,s) = ỹ (t,s)�
Z s

0
ỹ (t,u) ỹ (s,u)du 8 0  s  t
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and q (s) verifies the following Cauchy problem
⇢

q 0 (s) = l
⇥
q 2(s)�b 2⇤

q (0) =�b 2.

2. Considering the previous function j̃⇤ (t,s), the following function

ỹ⇤ (t,s) =

8
<

:

lq ⇤(s) for 0  s  t

0 otherwise

verifies the following integral equation:

j̃⇤ (t,s) = ỹ⇤ (t,s)�
Z s

0
ỹ⇤ (t,u) ỹ⇤ (s,u)du 8 0  s  t

and q ⇤ (s) verifies the following Cauchy problem
(

q ⇤0 (s) = l
h
q ⇤2(s)� (b ⇤)2

i

q ⇤ (0) =�(b ⇤)2 .

Now we are able to enunciate the following theorem:

Theorem 10. 1. Let
�
C0

t
�

t2[0,+•[ be a Brownian motion under (Gt)t2[0,+•[ such that:

Dt =C0
t �

Z t

0

✓Z s

0
ỹ (s,u)dC0

u

◆
ds.

Considering the function y : [0,T ]⇥ [0,T ]�! ¬ defined by:

y (t,s) =

8
<

:

�lq(s)el
R t

s q(u)du for 0  s  t

0 otherwise

we have that:

C0
t = Dt �

Z t

0

✓Z s

0
y (s,u)dDu

◆
ds.

2. Let
�
C0⇤

t
�

t2[0,+•[ be a Brownian motion under
(G ⇤

t )t2[0,+•[ such that:

D⇤
t =C0⇤

t �
Z t

0

✓Z s

0
ỹ⇤ (s,u)dC0⇤

u

◆
ds.

Considering the function y⇤ : [0,T ]⇥ [0,T ]�! ¬ defined by:

y⇤ (t,s) =

8
<

:

�lq ⇤(s)el
R t

s q⇤(u)du for 0  s  t

0 otherwise

we have that:
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C0⇤
t = D⇤

t �
Z t

0

✓Z s

0
y⇤ (s,u)dD⇤

u

◆
ds.

Theorem 11. 1. At and Dt verify the following relation:

At +l
Z t

0
Audu =

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

Dt

and therefore:

At =

 
l+m

Â
j=1

p2
h+k+ j

! 1
2 Z t

0
e�l (t�u)dDu.

2. A⇤
t and D⇤

t verify the following relation:

A⇤
t +l

Z t

0
A⇤

udu =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

D⇤
t

and therefore:

A⇤
t =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2 Z t

0
e�l (t�u)dD⇤

u.

Now it is possible to establish the link between the process At and the Brownian motion C0
t and between

the process A⇤
t and the Brownian motion C0⇤

t . In particular, we have the following (fundamental) result:

Theorem 12. Let At =
l

Â
j=1

ph+k+ jB
h+k+ j
t +Ut , A⇤

t =
k

Â
j=1

ph+ jB
h+ j
t +Ut and (Gt)t2[0,+•[, (G ⇤

t)t2[0,+•[

be their respective completed natural filtrations.

We have that:

1.

C0
t =

 
l+m

Â
j=1

p2
h+k+ j

!� 1
2 

At +l
Z t

0

✓Z s

0
[1+q(u)]el

R s
u q(q)dqdAu

◆
ds
�
.

2.

At =

 
l+m

Â
j=1

p2
h+k+ j

! 1
2 

C0
t �l

Z t

0

✓Z s

0
[1+q(u)]e�l (s�u)dC0

u

◆
ds
�
.

3.

C0⇤
t =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!� 1
2 

A⇤
t +l

Z t

0

✓Z s

0
[1+q ⇤(u)]el

R s
u q⇤(q)dqdA⇤

u

◆
ds
�
.
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4.

A⇤
t =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2 

C0⇤
t �l

Z t

0

✓Z s

0
[1+q ⇤(u)]e�l (s�u)dC0⇤

u

◆
ds
�
.

Applying the previous relation 2, we can write the asset price dynamics for the first partially informed
agent as:

dSt = St

2

4

0

@µt �l

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

st

Z t

0
[1+q(u)]e�l (t�u)dC0

u

1

Adt +st

0

@
h+k

Â
j=1

p jdB j
t +

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

dC0
t

1

A

3

5

which refers to Brownian motion

W 1
t =

 
n

Â
j=1

p2
j

!� 1
2
2

4
h+k

Â
j=1

p jB
j
t +

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

C0
t

3

5 .

Applying the previous relation 4, we can write the asset price dynamics for the second partially informed
agent as:

dSt = St

2

4

0

@µt �l

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

st

Z t

0
[1+q ⇤(u)]e�l (t�u)dC0⇤

u

1

Adt+

+st

0

@
h

Â
j=1

p jB
j
t +

l

Â
j=1

ph+k+ jB
h+k+ j
t +

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

dC0⇤
t

1

A

3

5

which refers to the Brownian motion

W 1⇤
t =

 
n

Â
j=1

p2
j

!� 1
2
2

4
h

Â
j=1

p jB
j
t +

l

Â
j=1

ph+k+ jB
h+k+ j
t +

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

C0⇤
t

3

5 .

4 The value functions of the agents

Each agent has an initial wealth x > 0 and, investing 8 s 2 [0, t] t > 0, Hs units of Ss, he gains the (self-
financed) value of the wealth Xt .

Considering the different level of market information of each agents, we can observe that the wealth of
the informed agent evolves according to Brownian motion Wt , the wealth of the uninformed agent evolves
according to Brownian motion B0

t , and the wealth of the first partially informed agent and of the second
partially informed agent evolves according respectively to Brownian motions W 1

t and W 1⇤
t .
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In this section, we’ll examine the utility functions of the four agents.
The (self-financed) value of the wealth Xt at time t is given by:

Xt = x+
Z t

0
HsdSs.

For each agents, the process of the units Ht must be predictable in their respective filtrations, St � integrable
and such that Xt > 0 almost certainly and 8t 2 [0,T ].

Let U be the utility function, the agents maximize their expected utility from terminal wealth at time T
and they solve the problem:

sup
⇢

E

U

✓
x+

Z T

0
HtdSt

◆�
: Ht admissible

�
.

To guarantee the positivity of the wealth produced at each time t, we consider the process pt defined by

Ht = pt
Xt

St
.

Therefore we obtain

Xt = x+
Z t

0
ps

Xs

Ss
dSs

from it we deduce

dXt

Xt
= pt

dSt

St
.

Now for the informed agent we have:

dXt

Xt
= pt (µt �lstUt)dt +ptst

n

Â
j=1

p jdB j
t .

For the uninformed agent we have:

dXt

Xt
= kt

2

4µt �
 

n

Â
j=1

p2
j

! 1
2

lst

Z t

0
[1+h(u)]e�l (t�u)dB0

u

3

5dt +ktst

 
n

Â
j=1

p2
j

! 1
2

dB0
t .

For the partially informed agents, we have respectively:

dXt

Xt
= kt

2

4µt �l

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

st

Z t

0
[1+q(u)]e�l (t�u)dC0

u

3

5dt+ktst

"
h+k

Â
j=1

p jdB j
t +

 
l+m

Â
j=1

p2
h+k+ j

!
dC0

t

#
;
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dXt

Xt
= kt

2

4µt �l

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

st

Z t

0
[1+q ⇤(u)]e�l (t�u)dC0⇤

u

3

5dt+

+ktst

"
h

Â
j=1

p jdB j
t +

l

Â
j=1

ph+k+ jdBh+k+ j
t +

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!
dC0⇤

t

#
.

Now we examine the logarithmic utility functions of the agents.

4.1 The value function of the informed agent

The terminal wealth at time T is given by:

XT = xe

Z T

0

"
ps (µs �lssUs)�

1
2

 
n

Â
j=1

p2
j

!
p2

s s2
s

#
ds+

"
n

Â
j=1

p2
j

# 1
2 Z T

0
psssdWs

.

Theorem 13. Let U (y) = logy. The process

ps =
µs �lssUs

n

Â
j=1

p2
js2

s

provides the optimal investment share and the value function is given by:

u(x,T ) = logx+
1

2
n

Â
j=1

p2
j

E

"Z T

0

✓
µs

ss
�lUs

◆2
ds

#
.

Proof. 8 ps admissible, we have that

U (XT ) = log(XT ) = logx+
Z T

0

"
ps (µs �lssUs)�

1
2

 
n

Â
j=1

p2
j

!
p2

s s2
s

#
ds+

"
n

Â
j=1

p2
j

# 1
2 Z T

0
psssdWs

as a consequence, we obtain that:

E [log(XT )] = logx+E

"Z T

0

"
ps (µs �lssUs)�

1
2

 
n

Â
j=1

p2
j

!
p2

s s2
s

#
ds

#
.

Using standard calculations, we obtain the maximum value.
The optimal portfolio share is given by

ps =
µs �lssUs

n

Â
j=1

p2
js2

s
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and the maximum value is:

u(x,T ) = logx+
1

2
n

Â
j=1

p2
j

E

"Z T

0

✓
µs

ss
�lUs

◆2
ds

#

from it we deduce the relation looked for. }

Rewriting the previous value function, we have the following result:

Theorem 14. Let

u(x,T ) = logx+
1

2
n

Â
j=1

p2
j

Z T

0

µ2
s

s2
s

ds+

m

Â
j=1

p2
h+k+l+ j

n

Â
j=1

p2
j

"
T l
4

� 1� e�2T l

8

#
.

4.2 The value function of the uninformed agent

The terminal wealth at time T is given by:

XT = xe

Z T

0

2

4ks

0

@µs �
 

n

Â
j=1

p2
j

! 1
2

lss

Z s

0
[1+h(u)]e�l (s�u)dB0

u

1

A� 1
2

 
n

Â
j=1

p2
j

!
k2

s s2
s

3

5ds+

 
n

Â
j=1

p2
j

! 1
2 Z T

0
ksssdB0

s

.

Considering the logarithmic utility function we have the following result.

Theorem 15. Let V (y) = logy. The process

ks =

µs �
 

n

Â
j=1

p2
j

! 1
2

lss

Z s

0
[1+h(u)]e�l (s�u)dB0

u

 
n

Â
j=1

p2
j

!
s2

s

provides the optimal investment share and the value function is given by:

v(x,T ) = logx+
1

2

 
n

Â
j=1

p2
j

!E

2

64
Z T

0

0

@µs

ss
�
 

n

Â
j=1

p2
j

! 1
2

l
Z s

0
[1+h(u)]e�l (s�u)dB0

u

1

A
2

ds

3

75 .
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Proof. 8 ks admissible, we have that

V (XT )= log(XT )= logx+
Z T

0

2

4ks

0

@µs �
 

n

Â
j=1

p2
j

! 1
2

lss

Z s

0
[1+h(u)]e�l (s�u)dB0

u

1

A� 1
2

 
n

Â
j=1

p2
j

!
k2

s s2
s

3

5ds+

"
n

Â
j=1

p2
j

# 1
2 Z T

0
ksssdBs

0

as a consequence, we obtain that

E [log(XT )] = logx+E

2

4
Z T

0

2

4ks

0

@µs �
 

n

Â
j=1

p2
j

! 1
2

lss

Z s

0
[1+h(u)]e�l (s�u)dB0

u

1

A� 1
2

 
n

Â
j=1

p2
j

!
k2

s s2
s

3

5ds

3

5 .

Using standard calculations, we obtain the maximum value.
The optimal portfolio share is given by

ks =

µs �
 

n

Â
j=1

p2
j

! 1
2

lss

Z s

0
[1+h(u)]e�l (s�u)dB0

u

 
n

Â
j=1

p2
j

!
s2

s

and the maximum value is:

v(x,T ) = logx+
1

2
n

Â
j=1

p2
j

E

2

64
Z T

0

0

@µs

ss
�
 

n

Â
j=1

p2
j

! 1
2

l
Z s

0
[1+h(u)]e�l (s�u)dB0

u

1

A
2

ds

3

75

from it we deduce the relation looked for. }

Rewriting the previous value function, we have the following result:

Theorem 16. Let

v(x,T ) = logx+
1

2
n

Â
j=1

p2
j

Z T

0

µ2
s

s2
s

ds+
l 2

2

Z T

0

Z s

0
[1+h (u)]2 e�2l (s�u)du

�
ds.

To compare the two previous value functions, we consider the following result:

Theorem 17. Let

lim
T!+•

1
T

Z T

0

Z s

0
[1+h(u)]2 e�2l (s�u)du

�
ds =

l
4
(1�a)2

where

a =

 
n

Â
j=1

p2
j

!� 1
2
 

h+k+l

Â
j=1

p2
j

! 1
2

.
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Proof. First, we prove that:

lim
s!+•

Z s

0
[1+h (u)]2 e�2l (s�u)du =

(1�a)2

2l
.

Changing variable we obtain that:
Z s

0
[1+h (s�u)]2 e�2ludu.

Besides, if we denote the indicator function of the interval [0,s] with I[0,s] we can write:

lim
s!+•

Z +•

0
[1+h (s�u)]2 e�2luI[0,s] (u)du.

Now, note that, since lim
s!+•

h (s�u) =�a , then the integrand function tends punctually to the function

u 2 [0,+•[7! (1�a)2 e�2lu.

Moreover the integrand function is:

0  [1+h (s�u)]2 e�2luI[0,s] (u) (1+a)e�2lu 8 u 2 [0,+•[

and the decrease and increase functions are integrable on [0,+•[.

From Lebesgue dominated convergence theorem, it follows that:

lim
s!+•

✓Z +•

0
[1+h (s�u)]2 e�2luI[0,s] (u)du

◆
=
Z +•

0
(1�a)2 e�2ludu.

Integrating we obtain that:

lim
s!+•

Z s

0
[1+h (u)]2 e�2l (s�u)du =

(1�a)2

2l
from which using standard calculations we have that

lim
T!+•

Z T

0

Z s

0
[1+h (u)]2 e�2l (s�u)du

�
ds =+•.

Applying De L’Hopital’s rule, we obtain the thesis. }

4.3 The value functions of the partially informed agents

The terminal wealth at time T for the partially informed agents is given respectively by:

XT = xe

Z T

0

2

4ks

0

@µs �l

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

ss

Z s

0
[1+q (u)]e�l (s�u)dC0

u

1

A

3

5ds

e
� 1

2

n

Â
j=1

p2
j

Z T

0
k2

s s2
s ds

e

Z T

0
ksss

"
h+k

Â
j=1

p jdB j
s +

 
l+m

Â
j=1

p2
h+k+ j

!
dC0

s

#

;
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XT = xe

Z T

0

2

4ks

0

@µs �l

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

ss

Z s

0
[1+q ⇤ (u)]e�l (s�u)dC0⇤

u

1

A

3

5ds

e
� 1

2

n

Â
j=1

p2
j

Z T

0
k2

s s2
s ds

e

Z T

0
ksss

"
h

Â
j=1

p jdB j
t +

l

Â
j=1

ph+k+ jdBh+k+ j
t +

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!
dC0⇤

s

#

.

Considering the logarithmic utility function we have the following result:

Theorem 18. 1. Let W (y) = logy. The process

ks =

µs �l

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

ss

Z s

0
[1+q (u)]e�l (s�u)dC0

u

 
n

Â
j=1

p2
j

!
s2

s

provides the optimal investment share and the utility function is given by:

w(x,T ) = logx+
1

2

 
n

Â
j=1

p2
j

!E

2

64
Z T

0

0

@µs

ss
�l

 
l+m

Â
j=1

p2
h+k+ j

! 1
2 Z s

0
[1+q(u)]e�l (t�u)dC0

u

1

A
2

ds

3

75 .

2. Let W ⇤(y) = logy. The process

ks =

µs �l

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

ss

Z s

0
[1+q ⇤ (u)]e�l (s�u)dC0⇤

u

 
n

Â
j=1

p2
j

!
s2

s

provides the optimal investment share and the utility function is given by:

w⇤(x,T )= logx+
1

2

 
n

Â
j=1

p2
j

!E

2

64
Z T

0

0

@µs

ss
�l

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2 Z s

0
[1+q ⇤(u)]e�l (t�u)dC0⇤

u

1

A
2

ds

3

75 .

Rewriting the previous value functions, we have the following results:

Theorem 19. 1. Let
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w(x,T ) = logx+
1

2
n

Â
j=1

p2
j

Z T

0

µ2
s

s2
s

ds+
l 2

2

l+m

Â
j=1

p2
h+k+ j

n

Â
j=1

p2
j

Z T

0

Z s

0
[1+q (u)]2 e�2l (s�u)du

�
ds.

2. Let

w⇤(x,T )= logx+
1

2
n

Â
j=1

p2
j

Z T

0

µ2
s

s2
s

ds+
l 2

2

k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

n

Â
j=1

p2
j

Z T

0

Z s

0
[1+q ⇤ (u)]2 e�2l (s�u)du

�
ds.

To compare the previous value functions, we consider the following results:

Theorem 20. 1. Let

lim
T!+•

1
T

Z T

0

Z s

0
[1+q(u)]2 e�2l (s�u)du

�
ds =

1
2l

(1�b )2

where

b =

 
l+m

Â
j=1

p2
h+k+ j

!� 1
2
 

l

Â
j=1

p2
h+k+ j

! 1
2

.

2. Let

lim
T!+•

1
T

Z T

0

Z s

0
[1+q ⇤(u)]2 e�2l (s�u)du

�
ds =

1
2l

(1�b ⇤)2

where

b ⇤ =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!� 1
2
 

k

Â
j=1

p2
h+ j

! 1
2

.

5 A comparison among the value functions of the agents

In the previous sections, we have determinated the value functions of the agents: u(x,T ) for the informed
agent, v(x,T ) for the uninformed agent, w(x,T ) for the first partially informed agent and w⇤(x,T ) for the
second partially informed agent. In this section, we want to focus on the divergence, when T ! +•, the
four utility functions. Besides, when T !+•, the difference among the expected utility of the four agents
as a consequence of the different level of market information of each agents.

Theorem 21. We have that:

1.
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lim
T!+•

u(x,T )�w(x,T )
T

=
l
2

 
l

Â
j=1

p2
h+k+ j

! 1
2

n

Â
j=1

p2
j

2

4
 

l+m

Â
j=1

p2
h+k+ j

! 1
2

�
 

l

Â
j=1

p2
h+k+ j

! 1
2
3

5> 0;

lim
T!+•

u(x,T )�w⇤(x,T )
T

=
l
2

 
k

Â
j=1

p2
h+ j

! 1
2

n

Â
j=1

p2
j

2

4
 

k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

! 1
2

�
 

k

Â
j=1

p2
h+ j

! 1
2
3

5> 0.

2. Considering

a =

 
h+k+l

Â
j=1

p2
j

! 1
2

 
n

Â
j=1

p2
j

! 1
2

, b =

 
l

Â
j=1

p2
h+k+ j

! 1
2

 
l+m

Â
j=1

p2
h+k+ j

! 1
2
, b ⇤ =

 
k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

!� 1
2
 

k

Â
j=1

p2
h+ j

! 1
2

,

we have that

lim
T!+•

w(x,T )� v(x,T )
T

=
l
4

h
(1�b )2 � (1�a)2

i
> 0

lim
T!+•

w⇤(x,T )� v(x,T )
T

=
l
4

h
(1�b ⇤)2 � (1�a)2

i
> 0;

3.

lim
T!+•

w(x,T )�w⇤(x,T )
T

=
l
4

h
(1�b )2 � (1�b ⇤)2

i
.

Proof. 1. lim
T!+•

u(x,T )�w(x,T )
T

=
l
4

m

Â
j=1

p2
h+k+l+ j

n

Â
j=1

p2
j

� l
4

l+m

Â
j=1

p2
h+k+ j

n

Â
j=1

p2
j

2

6666664
1�

 
l

Â
j=1

p2
h+k+ j

! 1
2

 
l+m

Â
j=1

p2
h+k+ j

! 1
2

3

7777775

2

=

l
4

1
n

Â
j=1

p2
j

2

64
m

Â
j=1

p2
h+k+l+ j �

2

4
 

l+m

Â
j=1

p2
h+k+ j

! 1
2

�
 

l

Â
j=1

p2
h+k+ j

! 1
2
3

5
23

75=

l
4

1
n

Â
j=1

p2
j

2

4
m

Â
j=1

p2
h+k+l+ j �

l+m

Â
j=1

p2
h+k+ j +2

 
l+m

Â
j=1

p2
h+k+ j

! 1
2
 

l

Â
j=1

p2
h+k+ j

! 1
2

�
l

Â
j=1

p2
h+k+ j

3

5=

l
4

1
n

Â
j=1

p2
j

2

42

 
l+m

Â
j=1

p2
h+k+ j

! 1
2
 

l

Â
j=1

p2
h+k+ j

! 1
2

�2
l

Â
j=1

p2
h+k+ j

3

5=
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l
2

0

B@
l

Â
j=1

p2
h+k+ j

1

CA

1
2

n

Â
j=1

p2
j

2

4
 

l+m

Â
j=1

p2
h+k+ j

! 1
2

�
 

l

Â
j=1

p2
h+k+ j

! 1
2
3

5> 0;

lim
T!+•

u(x,T )�w⇤(x,T )
T

=
l
4

m

Â
j=1

p2
h+k+l+ j

n

Â
j=1

p2
j

� l
4

k

Â
j=1

p2
h+ j +

m

Â
j=1

p2
h+k+l+ j

n

Â
j=1

p2
j

(1�b ⇤)2 =

l
4

2

6666664

m

Â
j=1

p2
h+k+l+ j

n
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Considering now the numerator, we have that:
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In a similar way we can prove the other limit.
3. The proof is similar to the previous.
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